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t ∈ Q 
Ht ⊂ Cn
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t ∈ Q 
Ht ⊂ Cn
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φ ∈ Q[X1, . . . , Xn]
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− (X1 − a1), . . . , L.
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i = 1, . . . , n− 2 ^asOoS3jm~`Sdz}i_







. . . ,
∂fA
∂Xn
〉 ∩ Q[X1, . . . , Xn]










. . . ,
∂fA
∂Xn
〉 ∩ Q[X1, . . . , Xn]
)
z}qcS¶©RSRqshu¥§~`jQTSRD_cjkhGDzuiYzuD~ acOoSnoojh}h}acODSRjqzG_c_ch`jmz-acSf~ zui}Sdgoqsz}j²µz}qcjSasjkSf_jWacSdqs_cSdaSdzGO
Rh}oDSd¯asSd~hGQe{|h}DSRWa$hu H0 ∩ Rn ³ _cSRSN)ODSRh}qsSRQ < g|SRih-­¤´ ¢N)ODSR6`­S3{oqsh-Wjm~`ShGQe{DikSR·^jka5]
Sf_5asjkQz-asSd_hGq)acOoS3zui}hGqcjkacODQT_qsSRi]^jkoThGN)OoSdh}qsSRQ ezu@~N)ODSRhu¥
qsSRQ < zu@~asOoS7SdikjQTjkDzuacjh}TasSdOoojmlWnoSd_rhu JkM6N@jD_c{ojqcSf~g^] Jkf`Dµ^DdN|z}D~e­$OojmOj_>GSRoSdqsz}ikj©RSf~
j J GAN ¢ N)OoSd](~`h±DhuaqsSdlWnojqcSeasOoS
S·^asqsz-zuqsjz}goiS L zu{o{|Sdz}qcjojkasOoSzug|h-}S_baszuacSRQTSdGa_zu@~z}qcS${|h}i]^oh}QTjmzui@jk
n







´ ¢ °S¤Rh}QT{DzuqsS){oqcSfjm_bSdik]acOoSYhGQe{DikSR·^jka5]h}/g|huasOz}ikGh}qsj¦asOoQ_xz}D~(_cOoh-­ asOoSTh}oSeqsSRi]Wjoh}N)OoSRhGqcSdQ < jm_Yg@SRabasSRqacO@zu(acOoShGoSqsSRi]^jkD
hG(N)OoSdh}qsSRQ  ¢ vaYimz}_bad­STh}QT{Dz}qcSacODSgojkab¥§hGQT{oikSR·`j¦a5]±h}ªacODSTz}ikGh}qsj¦asOoQ ­$OojmO(hGD_cj_bas_Yjz}{o{oi]^jkoasOoSqcSf_bnDi¦a_3huTJ < AN/z}D~(z}2jk`¡@oj¦asSd_cjkQz}iªzuqsj¦asOoQTSasjT­$jkacOacODS
h}oSTqsSRi]^jkohG2N)ODSRhu¥
qsSRQ < zuD~T_cOoh-­ asOoS7imz-acacSRq/_5asqszuacSRG]jm_>g@SRabasSRq ¢ v¤jkQT{oiSRQTSdGaz-asjkhGeh}@asOojm_ªzui}hGqcjkacODQj_ªzuiqcSfz}~`]zµ-z}jkimzugoiSjUJ <0< N ¢ [>·`{|SRqsjkQTSdGa_ODzµ}S_bOoh-­$(j¦aODzG_Yz{oqz}¯asjdzuig@SdODzµ^jkhGnoqz-aizG_5a3hGQe{@zuqzugoiSasheacOoS_bacqz-asSR}]{DqchG{@hW_bSf~j Jk,NzuD~_bhGQTSacjQTSd_)jka7j_7g@SRabacSdq ¢
 @ C @G`6@ ¿!C ¿!E 6F » D*
D » G N)OoS±oSR·^a_bSf¯acjh} jm_
~`SRGhuasSd~ ach2asOoS±{oqshWh}xh}N)OoSdh}qsSRQ 
_baszuacSf~¶zug|h-}S ¢ U`Sd¯asjkhG < j_~`Sd}h}acSd~±achacOoST~`Sd_cj}¶h}ªzui}hGqcjkacOoQ_YhGQe{Dn`acjo_cz}Qe{Dikjo{|h}jWas_hG z±qsSdzui/zui}SRgDqsz}jT_cSa~`SR¡DoSf~ g^]z²_cjo}iSSdlWnDzuacjh} zu@~acOoS{oqch^h} _3hu7N)OoSdh}qsSRQ_±z}D~ < ¢U`Sd¯asjkhG j_e~`SRGhuasSd~2ash¶asOoSRh}QT{oiS·`jka5]2z}Dzui]`_bjm_h}¤h}nDqzui}hGqcjkacODQT_ezu@~2acOoShGQT{Dzuqsj_ch} h}
asOoSd_cSqcSf_bnDi¦a_)­$j¦asO{DqcSdWjh}n@_)­/hGq`_ ¢
  




Q[X1, . . . , Xn]
hu¤~`Sd}qsSRSg|h}noD~oSd~ g^]




f − t = 0 ¢w+Sa
φ : x ∈ Cn → φ(x) ∈ C g|Sz{@hGik]^ohGQTjz}irQzu{o{ojo ¢
 hGq t ∈ R  K(φ,Ht) ~`SRoh}acSf_acOoSRqcjkacjmRz}i<ikh`n@_)hu
φ
qcSf_5asqcjm¯asSd~
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L
&%  %#,  + % 	
I ⊂ Q[L,X1, . . . , Xn]
&%	  %Y
0%&SW%;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(
&+A/; 	 %Y	 	  %
0%&
I0 = 〈f〉 + (I ∩ Q[X1, . . . , Xn]) ⊂ Q[X1, . . . , Xn]
	
I0
 A%;#7 %; , 
 #76 - w6SRa
C ⊂ Cn+1 g|SYacOoSRnoqcGSY~oS¡DoSf~g^] I  Π : Cn+1 → Cn g|SacODSY{Dqch}t5Sd¯asjkhG_cSRD~ojko
(x1, . . . , xn, `)
ash
(x1, . . . , xn)







t → 0 w+Sa y g|S_cnDO z¶ikjQTj¦a ¢(¬  y g|SRih}DG_ach K(φ,H0) r­Sz}qcS~`h}oS_bjDRS K(φ,H0) ⊂ C ¢ O¤h-­3>_bno{D{@hW_bS
y /∈ K(φ,H0)
asOoSR
grady(f) = 0 ¢ N)O^nD_d y g@SdikhGoG_eash2acOoS(_bSRa
huoh}`¥«{oqsh}{|SRqsoSd_s_ehu ΠqsSd_bacqsjm¯acSf~ach
C
­$ODjO jm_Rh}Wasz}jkDSd~2j2acOoS"!<zuqsj_^j¦¥§ihG_cnoqsSThu C ³M_bSdSZJÎ}^>w+SRQTQz¶²z}D~ < N´ ¢N)ODj_xjkQT{oijSd_
y
g@SdikhGoG_¤achacOoS#!<z}qcjm_ ^jk¥«RikhW_bnDqcShu C ­$OojmO¶jm_¤acOoSTzui}Sdgoqsz}jµz}qcjSa5]z}_s_ch^RjzuacSf~ash
I ∩ Q[X1, . . . , Xn] ¢ N)O^nD_d V(I0) ⊂ Cn hGWaszujD_YasOoSg@hGnoD~`Sf~¶ijQejkas_hu K(φ,Ht) ­$ODSR tasSRD~D_)ach
0 ¢
£ hGD_cj~`Sdq














C ¢  qchGQ JÎo,N¨DacOoS_bSRa7hu>{@hGjkWa_7j
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K(φ,H0)
 %+ H0
 )	,A	 *+	  %
 & %#*%,,
	  T#*%+ %,	  ;%-&
-  %; H0
  	 &A	 *
. ¿  ¿ )) ` ¼  3 %+	
D
&%K 	 %:W%;# &
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j_zujQTQeSf~`jmz-acShGD_cSdlWnoSR@S7h}J < MW`N)OoSRhGqcSdQ;N ¢ U^jDS
deg(I ∩ Q[X1, . . . , Xn]) ≤ deg(I)
z}D~
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}gooSdq$gDz}_cSd_³M_bSdS1Jdo £ O@zu{`asSRq$N´r_cOoh-­ asODz-a$hGQe{Dn`acjoTz 	 q }gooSdq/g@z}_cj_/hu I ­$jkacOqcSf_b{|SdaªashezQTh}ohGQejmzui





{oqsh-Wjm~`Sf_ªz 	 q }gDoSRqgDz}_cjm_
G
h}
I ∩Q[X1, . . . , Xn] ¢
¬ aTjm_Dh-­¹SRohGno}O ach hGQe{Dn`acSz 	 q }gDoSRqegDz}_cjm_hGqasOoSj~`Sfzui)}SdoSRqz-asSd~ g^]2asOoS{@hGik]^ohGQejmzui z}QTjki]
G ∪ {f} ¢
) ¿ @ 6FX@ )D ¿  » À+ » A@ C   »^¿  » d@  »  ¿ )+A@ ¿C G N)OoS7zui}hGqcjkacODQhu<}Sdh}QTSasqcjmqcSf_5¥
hGiknoacjh}e{oqch-^jm~`Sd~j JÎ}9N@~`h^Sd_>Dhuaªzuiih-­ achRh}QT{on`asS$SRijkQTjDz-asjkhGejm~`Sfzuim_ ¢ O7SRGSRqcacOoSdikSf_c_dujkaªzuiikh-­7_ih`Rz}ikj©dzuacjh}­$jkacODh}n`a¤zG~o~`jozuS·^acqzeµz}qcjmzugDikS ¢ y7SRQzuq TacODzua$acOoS3jm~`Sfzui


















Jac(f, φ) ¢ w+Sa P g|S




g|Sz 2%+%+#, / {@hGjkWaj2acODSzui}Sdgoqsz}je-zuqsjSa5](zG_c_ch`jmz-asSd~¶ach P ¢ y$SRQz}q¶acODzuaj¦asOoSRqsS
SR·^jm_bas_
i ∈ {1, . . . , n} _cnDO2acODzua ∂f
∂Xi
(y) 6= 0 *asOoSR y g|SRih}oW_3ash²acODSnDqcGSz}_s_bh`RjzuacSd~ash
I ∩ Q[X1, . . . , Xn]
­$ODjO j_TDhua{@hW_c_cjgoikS ¢ N)O^nD_drash2Rh}QT{on`asS±z(GSRhGQeSRacqsjqcSf_bhGiknoacjh} h}




















v¤ zuikacSRqsDzuacj}S_5asqszuacSRG] hGD_cj_bas_ej Rh}QT{on`asjkD2h}q





6= 0 ¢ N)ODj_$zµGh}jm~o_/acOoS3Gqch-­)asOhu>~`Sd}qsSRSYjkD~onDSf~g^]asOoSzug|h-}SYh}DSYgDn`a¤jGasqch`~`n@Sd_)zRh}Qgojk@z-achGqcjmzui@ z}achGq
  3 *	  
°Sxh^RnD_oh-­ h}acOoShGQT{on`aszuacjh}
h}z-a)iSdz}_ba/hGoSY{@hGjkWa)jkSdz}Oh}DoSdacSd~h}QT{|h}oSdWah}6acOoS
qsSdz}iz}ikGSRgoqzujm_cSa H0 ∩ Rn ¢¬ ²{Dz}qbasjRnoiz}qd|­ShGD_cj~`Sdq7asOoSe_cjkacnDzuacjh}²­$OoSdqcS H0 ODzG_x_cjo}noimzuq{|h}jWas_ ¢  noq/_bacqz-asSR}]ThGD_cj_bas_ªjknD_bjoeN)OoSRhGqcSdQYzuD~TasOoSqsj¦asjdzuiD{|h}jWaQTSRacOoh`~nD_cjoSdj¦asOoSRq~oj_basz}DSYnoDacjh}D_³ _cSRS3zuim_bh JÎu`+u < N´h}q${oqshut5Sf¯asjkhG
noDacjh}D_³ _cSRSzuim_ch J < ` < ^@9Ná´ ¢












(x1, . . . , xn) → (x1 − a1)2 + · · · + (xn − an)2
ßß"Ô\]&^Ð&^
L    -+%+(  






− (X1 − a1), . . . , L.
∂f
∂Xn




 T4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 6%;#7%+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 5		 %+#&;%&/+	K%&0/ /&!%&/;	:%/& %;	  -
	  %#7%&S 2%;#7 / ;%;	 H0 ∩ Rn

N)ODSx{oqsh^hu+jm_gDz}_cSd~h}g@h}acOiSRQTQz-azg|SRih-­ ¢ N)OoSY¡Dq_5a)h}oSxj_){Dqch-GSd~TjJÎu9N6z}D~
SdD_bnDqcSf_ªasODz-aRh}QT{on`asjkD²acODSg|h}noD~oSd~ ijkQTjkas_ehu$asOoSRqcjkacjmRz}iª{|h}jWas_hu$acODSSRn@ij~`Sfzu ~oj_basz}DSnoD¯asjkhG ach
z²{@hGjkWa
A
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#7%Y -	 % %;/;
0%&  ,	 /&%Y	:
A
 0/Z/&!%&/;	:%/& %;	  - H0
/&!	:  	  %&9,	 %  	  












	/»     %;#7% % )W ,	 Y S#,   /+ ;%Z, ++%;	 A ⊂ Qn &/ 	  	S-+# A = (a1, . . . , an) ∈






− (X1 − a1), . . . , L.
∂f
∂Xn
− (Xn − an)
 %;




  6%;#7%+& 
 #76 -  qchGQU`z}qs~  _acODSRh}qsSRQ^asOoS_bSRa7hu*qsj¦asjdzui-zuinoSd_)h}asOoS3Qzu{o{Djko

ψ : Cn × C → Cn




jm_rz{oqsh}{|SRq !zuqsj_^j¦¥§ihG_cSd~_bnog@_bSRa A h} Cn ¢¬ a/j_*asOoSRSdoh}nD}OeachOoh^hW_bS A = (a1, . . . , an) ∈ QnhGn`as_cjm~`S A z}D~qcSdQTz}q




− (X1 − a1), . . . , L.
∂f
∂Xn






























¬ acODS$oS·^a>{DzuqzuGqsz}{oO6µ­S)~oSd~`nDRS$zuehuacODSRq>zui}hGqcjkacOoQBash3h}QT{onoacS7_szuQT{oijkoY{|h}jGa_*jk H0∩RnzG~ozu{oacjo3acODS¤­h}q hu J < AN|achh}noqª{onoqs{@hW_bS ¢¬ @_5asSdz}~Th}6lGn@z}~`qz-asj$Qz}{o{ojoG_d}­S¤nD_cS7SR·`Rikn@_bj}Sdik]{Dqch}t5Sd¯asjkhG
no@¯acjh}@_Ro­$ODjO±zuqsSYikjoSdz}q ¢













(x1, . . . , xn) → (x1, . . . , xi)
	 j}Sd zu zuqsgoj¦asqsz}qc]{|h}jGa

















, . . . ,
∂fA
∂Xn
, X1 − p1, . . . , Xi − pi〉 ∩ Q[X1, . . . , Xn]
)
IAn−1









, . . . ,
∂fA
∂Xn
〉 ∩ Q[X1, . . . , Xn]
)
  F »^¿  »  3 %+	
(p1, . . . , pn−1)
&%  # ;	 #7#,(V	  -
Qn−1
 %;#7% %)W &	K S#,  /; 9;%
, +;%+	 A  - GLn(C)
,/  	  	-+#
A ∈ GLn(Q) \ A
)	 % 
   -Y	  %  W% ;#7 / #, %;	  %,
&+A/; 	 % 	 Y	 %
W%&  〈fA〉 + IAi
 -+#
i = 0, . . . , n− 1   A%+#* %; ,  !	:%;#&;%*/;	%&W/ Z/*%*/;	 % /& %;	  -T	  %#7%&  W% ;#7 /1;%;	 HA0 ∩ Rn

N)ODSY{Dqch^huhuacOojm_$qsSd_cnoika)jm_)gDzG_bSf~hGasOoSh}iih-­$jkoeiSRQTQz-asz ¢
	/»   35%;	
C
&% /&!%&/+	 %X/& %;	 - H0
	Q,AW +%
Π1(C)
  /; 9;%  %;*




	 %+#&;%&/;	 )	  % (*%+#  %#0%% ;(
X1 − p1 = 0%; ;%	 /&!	:   &
















X1 − p1 = 0 ¢ U^no{D{@hW_bS3oh-­ acOoSqsh}WasjkSdqh} Π1(C) j_)Dhua7SRQT{`a5] ¢







H ¢ w6Sa r > 0 g|S
_cnDO¶asODz-a3asOoS_cSa
h}3{@hGjkWas_
T = {x ∈ Rn | dist(x,M ≤ r} ~`h^Sd_
ohuaQTSdSa (H0 ∩ Rn) \ C ¢ " SRDhuacjog^]
T ′ = {x ∈ Rn | dist(x,M} z}D~ g^] ε z} j`¡DDj¦asSd_cjkQzui¨ªqsSRQz}q2asODz-aTacODS_cSah}x{|h}jGa_
ßß"Ô\]&^Ð&^
f    -+%+(  
(Hε ∪H−ε)∩T ′
jm_/jk`¡@oj¦asSd_cjkQz}iki]ihG_cS H0 ∩T ′ zuD~z}qcSxohua)z-aªQTjojkQz}i<~oj_basz}DS$ash H ¢ N)O^nD_asOoSYQejojQzui6~`jm_5azuDRS¤qsh}Q





T ′ ¢ N)O^nD_jka$j_h}goaszujoSf~zua7zeRqcjkacjmRz}i{@hGjkWa7h}+acODS3{oqch}t5Sdacjh}
Π1
qsSd_bacqsjacSd~ach Hε ∪ H−ε ¢ Rx_bjoTacODSacqzuD_bSRq){oqsjk@j{oikSz}D~qcSdQTz}q^joacOoSz}g@h-GSxqsSdzG_bhGoojojm_)-zuij~hGq7zu^]
r
_cQzuiiSRohGno}OSR@~o_)acODS3{oqch^h} ¢
N)ODSh}iih-­$jkoikSdQeQz}SRDSRqzuijk©dSd_)asOoSz}g@h-GSh}oS ¢ 	 j}Sd²zu¶z}qcgojkacqzuqs]{|h}jWa (p1, . . . , pn−1) ∈
Qn−1
oh}q
i ∈ {1, . . . , n− 1} ~`SRDhuacS3g^] Hi ⊂ Cn acOoS3jWacSRq_cSd¯asjkhGh}asOoSO^]^{@Sdqc{Diz}oSd_$~`SR¡DoSf~g^]
X1 − p1 = · · · = Xi − pi = 0 ¢
	/»    35%;	
C
&% /&%&/;	:%)/&%;	S - H0∩Rn
 !AW +%5-+#
i ∈ {1, . . . , n−1} 	 %#7;%&/;	 
Πi(C)















# 	  %;#7%V% )W ,	 
i ∈ {1, . . . , n−
2} &/ 	  	 C ∩Hi
/&	   *




 #76 - U`no{o{|hG_cS/hGqrzuii
i ∈ {1, . . . , n−1}  Πi(C) = Ri ¢ N)OoSd C ODzG_>z¤ohG`¥«SRQT{`a5]jWacSRq_cSd¯asjkhG­$jkacO H0 ∩Hn−1 ­$OojmO
jm_z¡DojkacS_bSRah}6{@hGjkWa_/Rh}Wasz}jkojoacOoSYg@hGnoD~`Sf~
ijkQTjkas_hu Ht ∩Hn−1 ¢
O¤h-­3-_bno{D{@hW_bS/acOoSdqcS/S·`jm_5a_
i ∈ {1, . . . , n−1} _bnDOacODzua Πi(C) 6= Ri zuD~h}@_bjm~`SRq+acOoSQTjkDjkQnoQ
i
h}qx­$OojmO
Πi(C) 6= Ri ¢ y$SdQTz}qacO@z-a C ∩Hi−1 6= ∅ ¢Y£ h}D_cjm~`SRq¤zh}DoSdacSd~¶h}QT{|h}oSdWa C ′h}




 qsh}Q oh-­ hG6 C ′ jm__cSRSR zG_z _bSdQejk¥§zui}SRgDqsz}j_bSRahu Rn−i zuD~ iSa πi+1 g|SacOoS¶dzuohGojmRzui{Dqch}t5Sd¯asjkhG
πi+1 : C
n−i → C _bSdD~`jo (xi+1, . . . , xn) ash xi+1 ¢ X±hGqcSdh-}SRqfªg^] z}_s_bnDQe{oacjh}6
πi+1(C
′)
j_RikhW_bSf~ ¢¬ aj_oh-­ _cn`®
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i = 1, . . . , n − 2  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∂q
∂T
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